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Abstract— In this paper we take an important step in
our quest to synthesize correct-by-design embedded control
software for nonlinear systems. We have shown in previous
work that by relying on diverse stability and stabilizabili ty
assumptions it is possible to construct finite-state models
describing the dynamics of nonlinear control systems. Such
finite-state models enable the use of algorithmic techniques
to automatically synthesize controllers enforcing control
and software requirements. In the present paper, we show
that similar results can still be obtained by replacing
the stability or stabilizability assumptions by the much
weaker assumption of incremental forward completeness.
We illustrate the new results by synthesizing a controller
for an inverted pendulum.

I. I NTRODUCTION

Symbolic models are abstract descriptions of control
systems in which several states are represented by a
symbol. Each symbol can thus be seen as an abstract
representation for a collection of states that share sim-
ilar dynamical properties. Past research has shown that
symbolic models exist for several classes of systems such
as timed automata [AD90], rectangular hybrid automata
[HKPV98], o-minimal hybrid systems [LPS00], [BM05],
multi-affine control systems [HCS06], some classes of
polynomial systems [RCT05], etc. These references also
showed that when the symbolic models have finitely
many states, problems of verification or controller syn-
thesis can be algorithmically solved.

Among the many different technical approaches em-
ployed to compute symbolic models, the present paper
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follows the use of approximate simulations and bisimula-
tions. This concept, introduced in [GP07] and in [Tab08]
using set-valued output maps, was successfully applied
to incrementally input-to-state stable systems with and
without disturbances in [PGT08], [PT09] and to incre-
mentally stable switched systems in [GPT09]. All of
these results relied on suitable stability assumptions to
establish the existence of symbolic models. In this paper
we show that symbolic models still exist even if we no
longer make any stability assumptions. Instead, we rely
on the notion of incremental forward completeness which
is the incremental version of forward completeness. This
is a much milder assumption that can be given by simple
Lyapunov characterizations in the spirit of [AS99]. The
main contribution of this paper is to show that for
every nonlinear control system satisfying the incremental
forward completeness assumption we can construct a
symbolic model that:

• is approximately and alternatingly simulated by the
control system;

• approximately simulates the control system.

Such relationships are weaker than the approxi-
mate bisimulation relationships established in [PGT08],
[PT09], [Gir07], [GPT09] but they apply to a much
wider class of control systems as they no longer require
stability. Moreover, the relationships established in this
paper are still sufficient to guarantee that any controller
synthesized for the symbolic model enforces the desired
specifications on the original control system. However,
we can no longer guarantee, as in [PGT08], [PT09],
[Gir07], that existence of a controller for the original con-



trol system also guarantees the existence of a controller
for the symbolic model.

Our technical results are illustrated on an inverted pen-
dulum that fails to satisfy the stability assumptions of the
previous works and for which a controller can be found
using the new results in this paper.

II. CONTROL SYSTEMS AND

INCREMENTAL FORWARD COMPLETENESS

A. Notation

The identity map on a setA is denoted by1A. If A is a
subset ofB we denote byıA : A →֒ B or simply byı the
natural inclusion map taking anya ∈ A to ı(a) = a ∈ B.
The symbolsN, Z, R, R+ and R+

0 denote the set of
natural, integer, real, positive, and nonnegative real
numbers, respectively. Given a vectorx ∈ Rn we denote
by xi the i–th element ofx and by‖x‖ the infinity norm
of x; we recall that ‖x‖ = max{|x1|, |x2|, ..., |xn|},
where|xi| denotes the absolute value ofxi. A function
f : [a, b] → Rn is said to be absolutely continuous
on [a, b] if for any ε ∈ R+ there existsδ ∈ R+

so that for everyk ∈ N and for every sequence of
points a ≤ a1 < b1 < a2 < b2 < . . . < ak < bk ≤ b, if
∑m

i=1(bi − ai) < δ then
∑m

i=1 |f(bi) − f(ai)| < ε. A
function f :]a, b[→ Rn is said to be locally absolutely
continuous if the restriction off to any compact subset
of ]a, b[ is absolutely continuous. Given a measurable
functionf : R+

0 → Rn, the (essential) supremum off is
denoted by‖f‖∞ where ‖f‖∞ := sup{‖f(t)‖, t ≥ 0};
f is essentially bounded if‖f‖∞ < ∞. For a given
time τ ∈ R+, definefτ so thatfτ (t) = f(t), for any
t ∈ [0, τ), andf(t) = 0 elsewhere;f is said to be locally
essentially bounded if for anyτ ∈ R+, fτ is essentially
bounded. The closed ball centered atx ∈ Rn with radius
ε is defined by Bε(x) = {y ∈ Rn | ‖x − y‖ ≤ ε}.
For any A ⊆ Rn and µ ∈ R+ set
[A]µ = {a ∈ A | ai = kiµ, ki ∈ Z, i = 1, ..., n}. The set
[A]µ will be used as an approximation of the set A with
precisionµ. Geometrically, for anyµ ∈ R+ andλ ≥ µ/2
the collection of sets{Bλ(q)}q∈[Rn]µ is a covering of
Rn, i.e. Rn ⊆

⋃

q∈[Rn]µ
Bλ(q). Moreover, for any

λ < µ/2, Rn *
⋃

q∈[Rn]µ
Bλ(q). A continuous function

γ : R+
0 → R+

0 , is said to belong to classK if it is strictly
increasing andγ(0) = 0; γ is said to belong to class
K∞ if γ ∈ K andγ(r) → ∞ as r → ∞. A continuous
function β : R+

0 × R+
0 → R+

0 is said to belong to class
KL if, for each fixeds, the mapβ(r, s) belongs to class
K∞ with respect tor and, for each fixedr, the map
β(r, s) is decreasing with respect tos andβ(r, s) → 0 as

s → ∞. We identify a relationR ⊆ A × B with the map
R : A → 2B defined byb ∈ R(a) iff (a, b) ∈ R. Given
a relationR ⊆ A × B, R−1 denotes the inverse relation
defined byR−1 = {(b, a) ∈ B × A : (a, b) ∈ R}.

B. Control Systems

The class of control systems that we consider in this
paper is formalized in the following definition.

Definition 2.1: A control systemis a quadruple:

Σ = (Rn, U,U , f),

where:

• Rn is the state space;
• U ⊆ Rm is the input space;
• U is a subset of the set of all functions of time

from intervals of the form]a, b[⊆ R to U with
a < 0 and b > 0 satisfying the following Lipschitz
assumption: there exists a positive constantM such
that ‖υ(t) − υ(t′)‖ ≤ M |t − t′| for all υ ∈ U and
for all t, t′ ∈]a, b[.

• f : Rn × U → Rn is a continuous map satisfying
the following Lipschitz assumption: for every com-
pact setK ⊂ Rn, there exists a constantL > 0
such that‖f(x, u) − f(y, u)‖ ≤ L‖x− y‖ for all
x, y ∈ K and allu ∈ U .

A locally absolutely continuous curveξ :]a, b[→ Rn is
said to be atrajectory of Σ if there existsυ ∈ U
satisfying:

ξ̇(t) = f(ξ(t), υ(t)), (II.1)

for almost all t ∈ ]a, b[. Although we have defined
trajectories over open domains, we shall refer to trajec-
tories ξ :[0, τ ] → Rn defined on closed domains[0, τ ],
τ ∈ R+ with the understanding of the existence of a
trajectoryξ′ :]a, b[→ Rn such thatξ = ξ′|[0,τ ]. We also
write ξxυ(τ) to denote the point reached at timeτ under
the inputυ from initial conditionx; this point is uniquely
determined, since the assumptions onf ensure existence
and uniqueness of trajectories [Son98]. A control system
Σ is said to be forward complete if every trajectory is
defined on an interval of the form]a, ∞[. Sufficient and
necessary conditions for a system to be forward complete
can be found in [AS99].

The following technical lemma will be used later in the
definition of symbolic model.

Lemma 2.2:Let Σ = (Rn, U,U , f) be a control sys-
tem and consider a parameterµ ∈ R+. For any



input U ∋ υ : [0, τ ] → U there exists a constant input
υconst : [0, τ ] → [U ]µ such that:

‖υ − υconst‖∞ ≤
µ + Mτ

2
. (II.2)

Proof: We first approximate the inputυ by the
constant inputυ̂ : [0, τ ] → U where υ̂(t) = υ(0)+υ(τ)

2
for all t ∈ [0, τ ]. We then approximate the con-
stant inputυ̂ by a constant inputυconst : [0, τ ] → [U ]µ
so that ||υ̂ − υconst|| ≤ µ/2. Note that υconst ex-
ists since

⋃

q∈[U ]µ
Bµ/2(q) is a covering of U .

Since υ̂ and υconst are constant functions, then
‖υ̂ − υconst‖∞ = ‖υ̂ − υconst‖. Using the Lipschitz as-
sumption forυ, the resulting approximation error is given
by:

||υ − υconst||∞ = ||υ − υ̂ + υ̂ − υconst||∞ (II.3)

≤ ||υ − υ̂||∞ + ||υ̂ − υconst||∞

= ||υ − υ̂||∞ + ||υ̂ − υconst||

≤ Mτ/2 + µ/2.

For later use we also define the functionΨ : U → [U ]µ
associating to anyυ ∈ U the corresponding inputυconst

as defined in the proof of Lemma 2.2.

C. Incremental forward completeness

The results presented in this paper will assume certain
incremental forward completeness assumptions that we
introduce in this section. We start by recalling the notion
of incremental input-to-state stability.

Definition 2.3: [Ang02] A control systemΣ is incremen-
tally input-to-state stable (δ-ISS) if it is forward complete
and there exist aKL function β and aK∞ function γ
such that for anyt ∈ R+

0 , any x, x′ ∈ Rn, and anyυ,
υ′ ∈ U the following condition is satisfied:

‖ξxυ(t) − ξx′υ′(t)‖ ≤ β(‖x − x′‖ , t) + γ(‖υ − υ′‖
∞

).
(II.4)

We now describe a weaker concept that is satisfied even
in the absence of stability.

Definition 2.4: A control systemΣ is incrementally for-
ward complete (δ-FC) if there exist continuos functions
β : R+ × R+ → R+ and γ : R+ × R+ → R+ such that
for each fixeds, the mapsβ(r1, s) and γ(r2, s) belong
to classK∞ with respect tor1 andr2, respectively, and
for any t ∈ R+

0 , anyx, x′ ∈ Rn and anyυ, υ′ ∈ U the

following condition is satisfied:

‖ξxυ(t) − ξx′υ′(t)‖ ≤ β(‖x − x′‖ , t)+γ(‖υ − υ′‖
∞

, t).
(II.5)

Incremental forward completeness requires the distance
between two arbitrary trajectories to be bounded by
the sum of two terms capturing the mismatch between
the initial conditions and the mismatch between the
inputs as shown in (II.5). From (II.4) and (II.5), we
can immediately see thatδ-ISS impliesδ-FC. However,
the converse is not true, in general, since the function
β in (II.5) is not required to be a decreasing function
of t and the functionγ in (II.5) is allowed to depend
on t while this is not the case in (II.4). Whenever
the origin is an equilibrium point forΣ, the choice
x′ = 0, υ′ = 0, and ξx′υ′ = 0 results in the estimate
‖ξxυ(t)‖ ≤ β(‖x‖ , t) + γ(‖υ‖

∞
, t) which is shown in

[AS99] to be equivalent to forward completeness ofΣ.
Hence, the systems satisfying (II.5) are termed incremen-
tally forward complete. By straightforward generalization
of the results in [AS99], it is possible to drive Lyapunov
characterizations ofδ − FC control systems.

III. SYMBOLIC MODELS AND

APPROXIMATE EQUIVALENCE NOTIONS

A. Systems and control systems

We will use systems to describe both control systems as
well as their symbolic models. A more detailed exposi-
tion of the notion of system that we now introduce can
be found in [Tab09].

Definition 3.1: [Tab09] A systemS is quintuple:

S = (X, U,−→, Y, H),

consisting of:

• A set of statesX ;
• A set of inputsU ;
• A transition relation−→⊆ X × U × X ;
• An output setY ;
• An output functionH : X → Y .

A system(X, U,−→, Y, H) is said to be:

• metric, if the output setY is equipped with a metric
d : Y × Y → R+

0 ;
• countable, if X is a countable set;
• finite, if X is a finite set.

A transition (x, u, x′) ∈−→ is denoted byx
u
- x′.

Note that, for such a transitionx
u

- x′, state



x′ is called au-successor, or simply successor. Since
−→⊆ X × U × X is a relation, for any state and any
input u ∈ U there may be: nou-successors, one
u-successor, or manyu-successors. We denote the set
of u-successors of a statex by Postu(x) and byU(x)
the set of inputsu ∈ U for whichPostu(x) is nonempty.
A system is deterministic if given any statex ∈ X and
any inputu, there exists at most oneu-successor (there
may be none). A system is called nondeterministic if it is
not deterministic. Hence, for a nondeterministic system
it is possible for a state to have two (or possibly more)
distinct u-successors.

Systems can be used to describe control systems. Given
Σ = (Rn, U,U , f), the system associated withΣ andτ ∈
R+ is defined by:

Sτ (Σ) := (Xτ , Uτ ,
τ
- , Yτ , Hτ ),

where:

• Xτ = Rn;
• Uτ = {υτ ∈ U| the domain ofυτ is [0, τ ]};

• xτ
υτ

τ
- x′

τ if there exists a trajectory

ξ : [0, τ ] → Rn of Σ satisfyingξxτ υτ
(τ) = x′

τ ;
• Yτ = Rn;
• Hτ = 1Rn .

The above system can be thought of as the time dis-
cretization of the control systemΣ.

B. System relations

We first consider simulation and bisimulation relations
that are useful when analyzing or synthesizing controllers
for deterministic systems.

Definition 3.2: Let Sa = (Xa, Ua,
a
- , Ya, Ha) and

Sb = (Xb, Ub,
b
- , Yb, Hb) be metric systems with the

same output setsYa = Yb and metricd, and consider a
precisionε ∈ R+. A relationR ⊆ Xa × Xb is said to be
an ε-approximate simulation relation fromSa to Sb, if
the following three conditions are satisfied:

(i) for every xa ∈ Xa, there existsxb ∈ Xb with
(xa, xb) ∈ R;

(ii) for every (xa, xb) ∈ R we have
d(Ha(xa), Hb(xb)) ≤ ε;

(iii) for every (xa, xb) ∈ R we have that :

xa
ua

a
- x′

a in Sa implies the existence of

xb
ub

b
- x′

b in Sb satisfying(x′
a, x′

b) ∈ R.

SystemSa is ε-approximately simulated bySb or Sb

ε-approximately simulatesSa, denoted bySa �ε
S Sb, if

there exists anε-approximate simulation relation fromSa

to Sb.

Symmetrizing the notion of simulation we arrive at
bisimulation, which we report hereafter.

Definition 3.3: Let Sa andSb be metric systems with the
same output setsYa = Yb and metricd, and consider a
precisionε ∈ R+. A relationR ⊆ Xa ×Xb is said to be
an ε-approximate bisimulation relation betweenSa and
Sb, if the following two conditions are satisfied:

(i) R is an ε-approximate simulation relation fromSa

to Sb;
(ii) R−1 is an ε-approximate simulation relation from

Sb to Sa.

SystemSa is ε-approximate bisimilar toSb, denoted by
Sa

∼=ε
S Sb, if there exists anε-approximate bisimulation

relationR betweenSa andSb.

For nondeterministic systems we need to consider rela-
tionships that explicitly capture the adversarial nature of
nondeterminism. We report from [PT09] the following
notion of alternating approximate simulation.

Definition 3.4: Let Sa and Sb be metric systems with
the same output setsYa = Yb and metricd, and let
ε ∈ R+. A relation R ⊆ Xa × Xb is an ε-approximate
alternating simulation relation fromSa to Sb if the
following conditions are satisfied:

(i) for every xa ∈ Xa, there existsxb ∈ Xb with
(xa, xb) ∈ R;

(ii) for every (xa, xb) ∈ R we have
d(Ha(xa), Hb(xb)) ≤ ε;

(ii) for every (xa, xb) ∈ R and for everyua ∈ Ua(xa)
there existsub ∈ Ub(xb) such that for everyx′

b ∈
Postub

(xb) there existsx′
a ∈ Postua

(xa) satisfy-
ing (x′

b, x
′
a) ∈ R.

SystemSa is alternatinglyε-approximately simulated by
Sb or Sb alternatingly ε-approximately simulatesSa,
denoted bySa �ε

AS Sb, if there exists an alternating
ε-approximate simulation relation fromSa to Sb. Al-
though alternating simulation is substantially different
from simulation, these two notions coincide in the special
case of deterministic systems.



IV. EXISTENCE OFSYMBOLIC MODELS

FOR δ-FC CONTROL SYSTEMS

We now have all the ingredients to define a symbolic
model that will be used to approximate a control system.
Given aδ-FC control systemΣ = (Rn, U,U , f), a desired
precisionε, any time quantizationτ ∈ R+, state space
quantizationη ∈ R+, and input space quantizationµ ∈
R+ we define the system:

Sτηµε(Σ) := (Xτηµε, Uτηµε,
τηµε

- , Yτηµε, Hτηµε),

(IV.1)
by:

• Xτηµε = [Rn]η;
• Uτηµε = Ψ(Uτ );

• xτηµε
uτηµε

τηµε
- x′

τηµε if any of the following two
conditions is satisfied:

a) ||ξxτηµεuτηµε
(τ) − x′

τηµε|| ≤ η/2 and
β(ε, τ) + γ(µ+Mτ

2 , τ) < ε/2;
b) ||ξxτηµεuτηµε

(τ) − x′
τηµε|| ≤ β(ε, τ) +

γ(µ+Mτ
2 , τ) andβ(ε, τ) + γ(µ+Mτ

2 , τ) ≥ ε/2;

• Yτηµε = Rn;
• Hτηµε = ı : Xτηµε →֒ Yτηµε.

The functionΨ in the above definition was defined at
the end of Subsection II-B. Note that for a given control
systemΣ eithera) or b) are satisfied. Hence, the choice
betweena) and b) is made only once and before the
construction of any transition. We stress that while system
Sτ (Σ) is not countable, systemSτηµε(Σ) is so and it
becomes finite, when the state space of the control system
Σ is bounded.

We can now state the main result, relatingδ-FC to the
existence of symbolic models.

Theorem 4.1:Let Σ be aδ-FC control system. For any
desired precisionε ∈ R+, and for anyτ ∈ R+, µ ∈ R+,
andη ∈ R+ satisfyingη ≤ ε, we have:

Sτηµε(Σ) �ε
AS Sτ (Σ) �ε

S Sτηµε(Σ).

Proof: We start by provingSτ (Σ) �ε
S Sτηµε(Σ).

Consider the relation R ⊆ Xτ × Xτηµε

defined by (xτ , xτηµε) ∈ R if and only if
||Hτ (xτ ) − Hτηµε(xτηµε)|| = ||xτ − xτηµε|| ≤ ε.
For everyxτ ∈ Xτ and sinceXτ ⊆

⋃

q∈[Rn]η
Bη/2(q),

there existsxτηµε ∈ Xτηµε such that:

‖xτ − xτηµε‖ ≤ η/2 ≤ ε. (IV.2)

Hence,(xτ , xτηµε) ∈ R and condition (i) in Definition
3.2 is satisfied. Now consider any(xτ , xτηµε) ∈ R. Con-
dition (ii) in Definition 3.2 is satisfied by definition of
R. Let us now show that condition (iii) in Definition 3.2
holds.

Consider any υτ ∈ Uτ and the transition
xτ

υτ

τ
- x′

τ = ξxτ υτ
(τ) in Sτ (Σ). Choose an input

uτηµε ∈ Uτηµε satisfying:

‖υτ − uτηµε‖∞ ≤ (µ + Mτ)/2. (IV.3)

Note that existence of suchuτηµε is a consequence of
Lemma 2.2. It follows from theδ-FC assumption that
the distance betweenx′

τ and ξxτηµεuτηµε
(τ) is bounded

as:

‖x′
τ − ξxτηµεuτηµε

(τ)‖ ≤ β(ε, τ) + γ((µ + Mτ)/2, τ).
(IV.4)

We now have two cases.

Case a: β(ε, τ) + γ((µ + Mτ)/2, τ) < ε/2.
Since Xτ ⊆

⋃

xτηµε∈[Rn]η
Bη/2(xτηµε), there exists

x′
τηµε ∈ Xτηµε such that:

‖ξxτηµεuτηµε
(τ) − x′

τηµε‖ ≤ η/2. (IV.5)

From (IV.5) and the definition of transition
relation, we conclude the existence of
xτηµε

uτηµε

τηµε
- x′

τηµε in Sτηµε(Σ). Using the inequalities
η ≤ ε, (IV.4), and (IV.5), we obtain the following chain
of inequalities:

‖x′
τ − x′

τηµε‖

= ‖x′
τ − ξxτηµεuτηµε

(τ) + ξxτηµεuτηµε
(τ) − x′

τηµε‖

≤ ‖x′
τ − ξxτηµεuτηµε

(τ)‖ + ‖ξxτηµεuτηµε
(τ) − x′

τηµε‖

≤ β(ε, τ) + γ((µ + Mτ)/2, τ) + η/2 ≤ ε.

Hence(x′
τ , x′

τηµε) ∈ R and condition (iii) in Definition
3.2 holds.

Case b: β(ε, τ) + γ((µ + Mτ)/2, τ) ≥ ε/2.
Combining β(ε, τ) + γ((µ + Mτ)/2, τ) ≥ ε/2 with
η ≤ ε, we obtain η/2 ≤ β(ε, τ) + γ((µ + Mτ)/2, τ).
From this inequality and (IV.4), it can
be easily proved the existence of a point
x′

τηµε ∈ Bβ(ε,τ)+γ((µ+Mτ)/2,τ)(ξxτηµεuτηµε
(τ)) ∩ Xτηµε

such that||x′
τηµε − x′

τ || ≤ η ≤ ε. Hence, by definition

of the transition relation, we havexτηµε
uτηµε

τηµε
- x′

τηµε.

Therefore, (x′
τηµε, x

′
τ ) ∈ R. Hence, condition

(iii) in Definition 3.2 is satisfied from which
Sτ (Σ) �ε

S Sτηµε(Σ) is proved.

Now we prove Sτηµε(Σ) �ε
AS Sτ (Σ).

Consider the relation R ⊆ Xτ × Xτηµε



defined by (xτ , xτηµε) ∈ R if and only if
||Hτ (xτ ) − Hτηµε(xτηµε)|| = ||xτ − xτηµε|| ≤ ε.
For everyxτηµε ∈ Xτηµε, by choosingxτ = xτηµε we
have (xτ,xτηµε) ∈ R and condition (i) in Definition
3.4 is satisfied. Now consider any(xτ , xτηµε) ∈ R.
Condition (ii) in Definition 3.4 is satisfied by definition
of R. Let us now show that condition (iii) in Definition
3.4 holds. Consider anyuτηµε ∈ Uτηµε. Choose
the input υτ = uτηµε and consider the transition

xτ
υτ

τ
- x′

τ = ξxτ υτ
(τ) in Sτ (Σ). From the δ-FC

assumption, the distance betweenx′
τ andξxτηµεuτηµε

(τ)
is bounded as:

‖x′
τ − ξxτηµεuτηµε

(τ)‖ ≤ β(ε, τ) (IV.6)

We now have two cases.

Case a: β(ε, τ) + γ((µ + Mτ)/2, τ) < ε/2.
Since Xτ ⊆

⋃

xτηµε∈[Rn]η
Bη/2(xτηµε), there exists

x′
τηµε ∈ Postuτηµε

(xτηµε) such that:

‖ξxτηµεuτηµε
(τ) − x′

τηµε‖ ≤ η/2. (IV.7)

From (IV.7) and the definition of transition relation,
we conclude the existence ofxτηµε

uτηµε

τηµε
- x′

τηµε in

Sτηµε(Σ). Using the inequalitiesη ≤ ε, (IV.6), and
(IV.7), we obtain the following chain of inequalities:

‖x′
τ − x′

τηµε‖

= ‖x′
τ − ξxτηµεuτηµε

(τ) + ξxτηµεuτηµε
(τ) − x′

τηµε‖

≤ ‖x′
τ − ξxτηµεuτηµε

(τ)‖ + ‖ξxτηµεuτηµε
(τ) − x′

τηµε‖

≤ β(ε, τ) + η/2 ≤ ε.

Hence(x′
τ , x′

τηµε) ∈ R and condition (iii) in Definition
3.4 holds.

Case b: β(ε, τ) + γ((µ + Mτ)/2, τ) ≥ ε/2.
Combining β(ε, τ) + γ((µ + Mτ)/2, τ) ≥ ε/2 with
η ≤ ε, we obtainη/2 ≤ β(ε, τ) + γ((µ + Mτ)/2, τ).
From this inequality and (IV.4), it can
be easily proved the existence of a point
x′

τηµε ∈ Bβ(ε,τ)+γ((µ+Mτ)/2,τ)(ξxτηµεuτηµε
(τ)) ∩ Xτηµε

such that||x′
τηµε − x′

τ || ≤ η ≤ ε. Hence, by definition
of the transition relation,x′

τηµε ∈ Postuτηµε
(xτηµε).

Therefore, (x′
τηµε, x

′
τ ) ∈ R. Hence, condition

(iii) in Definition 3.4 is satisfied from which
Sτηµε(Σ) �ε

AS Sτ (Σ) is proved.

Remark 4.2:If we assumeδ-ISS and piecewise-constant
inputs, the conclusion of Theorem 4.1 can be strength-
ened to ε-approximate bisimulation. For sufficiently
large values ofτ , the δ-ISS assumption guaranties
β(ε, τ) < ε/2; then by choosing a sufficiently small
value of µ and combining withη ≤ ε, we obtain

β(ε, τ) + γ(µ/2) + η/2 < ε. Hence, as proved in Theo-
rem 5.1 in [PGT08], we will haveSτ (Σ) ∼=ε

S Sτηµε(Σ).

V. SYMBOLIC CONTROL DESIGN

FOR AN INVERTED PENDULUM

We illustrate the results in this paper on the well known
inverted pendulum. In order to make use of the software
tool Pessoa1 for the computation of symbolic models
and synthesis of controllers, we use the following linear
model for the pendulum:

Σ :

{

ẋ1 = x2,
ẋ2 = g

l x1 −
k

ml2 x2 + 1
mlu.

(V.1)

In the above model,x1 is the angular position,x2 is the
velocity of the point mass,u is the applied force (control
input), g = 9.8 is gravity’s acceleration,l = 0.5 is the
length of the rod,m = 0.5 is the mass, andk = 2 is
the coefficient of rotational friction. All constants and
variables are expressed in the International System. The
eigenvalues of the system areλ1 = 1.1433 and λ2 =
−17.1433 showing that it is unstable. We assume thatu ∈
U = [−4, 4] and that control input is piecewise-constant.
We work on the subsetX = [−1, 1]×[−1, 1] of the state
space ofΣ. In order to construct a symbolic abstraction
for the preceding model, we need to find functionsβ
and γ describing the incremental forward completeness
property in (II.5). For a linear control system:

ξ̇ = Aξ + Bu, ξ(t) ∈ Rn, u(t) ∈ U ⊆ Rm,

the functionsβ andγ can be chosen as:

β(r, t) = ‖eAt‖r; γ(r, t) = (‖B‖

∫ t

0

‖eAs‖ds)r,

(V.2)
where ‖eAt‖ denotes the infinity norm of the matrix
eAt. For the inverted pendulum described above, the
functionsβ andγ are given byβ(r, t) = 3.6482e1.1433tr
and γ(r, t) = 12.7638(e1.1433t − 1)r. Suppose that our
objective is to design a controller forcing the trajec-
tories to reach and stay indefinitely in the target set:
W = [−0.06, 0.06]× [−0.3, 0.3]. For a precisionε =
0.05, we chooseη = 0.03, τ = 0.5, and µ = 0.4 so
as to satisfy the assumptions of Theorem 4.1 and there
exists a controller enforcing the states to reach and stay
indefinitely in that target set. A control strategy for the
mentioned target set can be obtained by using standard
methods in the context of algorithmic approaches to game

1Pessoa is a software tool for the synthesis of correct-by-design
embedded control systems, developed at UCLA’s CyPhyLab. Pessoa
is scheduled to be publicly released on November 2009.
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Fig. 1. Upper and medium panels: trajectory of(x1, x2), with
initial condition (−0.5196, 0.3). The dashed lines define the target
set bounds. Lower panel: input signal.
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Fig. 2. Trajectories of the closed-loop system for different initial
conditions on a circle with the center at the origin and radius 0.6.

theory [Tab09]. We use reachability game and safety
game, both implemented in Pessoa, to reach and stay
indefinitely in the target set, respectively. In Figure 1, we
show the closed-loop trajectory stemming from the initial
condition(−0.5196, 0.3) and the evolution of the input
signal. Figure 2 shows trajectories of the system initiated
with different initial conditions on the circle centered at
the origin and radius0.6. The dashed rectangle in Figure
2 is the target set. As can be seen, all the trajectories
converge to the target set in finite time. Figure 3 illustrates
the states of the target set for which control inputs
u = −0.4, u = 0, and u = 0.4 force the system to
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Fig. 3. Solution of the safety game for the symbolic model andtarget
set [−0.06, 0.06] × [−0.3, 0.3]. The states inW whereu = −0.4,
u = 0, andu = 0.4 force the system to stay inW are shown in figures
(a), (b), and (c) respectively.

stay inW .

VI. D ISCUSSION

In this paper we showed thatδ-FC control systems admit
symbolic model. The results of this paper generalize
the work in [Tab08], [PGT08], [PT09], [Gir07] by not
requiring stability assumptions. After constructing the
symbolic models for theδ-FC control systems, one can
take the advantages of controller design for the abstrac-
tion models. However, there is a drawback in the result
in Theorem 4.1 since it is only sufficient. If it is failed
to find a controller forcing the desired specification on
symbolic model, we cannot conclude anything regarding
the existence of a controller for the original model.
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