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Abstract—In this paper we take an important step in follows the use of approximate simulations and bisimula-
our quest to synthesize correct-by-design embedded contro tions. This concept, introduced in [GP07] and in [Tab08]
software for nonlinear systems. We have shown in previous using set-valued output maps, was successfully applied

work that by relying on diverse stability and stabilizabili ty . . .
assumptions it is possible to construct finite-state models to incrementally input-to-state stable systems with and

describing the dynamics of nonlinear control systems. Such Without disturbances in [PGTO08], [PT09] and to incre-
finite-state models enable the use of algorithmic techniqee mentally stable switched systems in [GPT09]. All of
to automatically synthesize controllers enforcing contrd  these results relied on suitable stability assumptions to
and software requirements. In the present paper, we show  agiapjish the existence of symbolic models. In this paper

that similar results can still be obtained by replacing how that boli dels still exist if
the stability or stabilizability assumptions by the much we show that symbolic models still exist even It we no

weaker assumption of incremental forward completeness. longer ma_ke any stability assumptions. Instead, we r_ely
We illustrate the new results by synthesizing a controller on the notion of incremental forward completeness which

for an inverted pendulum. is the incremental version of forward completeness. This
is @ much milder assumption that can be given by simple
|. INTRODUCTION Lyapunov characterizations in the spirit of [AS99]. The

. - rpain contribution of this paper is to show that for
Symbolic models are abstract descriptions of contrg . S :
. : every nonlinear control system satisfying the incremental
systems in which several states are represented by, a )
fO{Ward completeness assumption we can construct a
symbol. Each symbol can thus be seen as an abstrac . )
. . . symbolic model that:
representation for a collection of states that share sim-
ilar dynamical properties. Past research has shown that
symbolic models exist for several classes of systems such®
as timed automata [AD90], rectangular hybrid automata
[HKPV98], o-minimal hybrid systems [LPS00], [BM05],
multi-affine control systems [HCS06], some classes Oéuch

. relationships are weaker than the approxi-
gﬁgvcgdmﬁ:;yiﬁzs Eﬁgzgﬂbgtlfc T:gj:lsrer;\?gcf?;tzllsr%ate bisimulation relationships established in [PGTO08],

olic YPT09], [Gir07], [GPTO9] but they apply to a much
many states, problems of verification or controller syn: . .
thesis can be alaorithmically solved wider class of control systems as they no longer require
9 y ’ stability. Moreover, the relationships established irs thi
Among the many different technical approaches enpaper are still sufficient to guarantee that any controller
ployed to compute symbolic models, the present papsynthesized for the symbolic model enforces the desired
. . , . specifications on the original control system. However,
This work has been partially supported by the National Swen | . PGTO8]. [PTO9
Foundation award 0717188, 0820061 and the Center of Ercelléor We_ Can no onger guarantee, as in [ ) ]_' [ I,
Research DEWS, University of LAquila, Italy. [Gir07], that existence of a controller for the original eon

is approximately and alternatingly simulated by the
control system;
o approximately simulates the control system.



trol system also guarantees the existence of a controller— oo. We identify a relation? C A x B with the map
for the symbolic model. R: A — 2B defined byb € R(a) iff (a,b) € R. Given
o : . . a relationR C A x B, R~! denotes the inverse relation
ur technical results are illustrated on an inverted o A BxA (abeR
dulum that fails to satisfy the stability assumptions of th&c'mned by =1{(ba) € Bx A:(a,b) € R},

previous works and for which a controller can be found

using the new results in this paper. B. Control Systems
Il. CONTROL SYSTEMS AND The class of control systems that we consider in this
INCREMENTAL FORWARD COMPLETENESS paper is formalized in the following definition.

. Definition 2.1: A control systenis a quadruple:
A. Notation y q P

The identity map on a set is denoted byl 4. If A is a ==RL0U, f),
subset ofB we denote by 4 : A — B or simply by: the \where:
natural inclusion map taking anye A to:(a) = a € B.

The symbolsN, Z, R, R* and R] denote the set of « R" is the state space;

natural, integer, real, positive, and nonnegative real « U C R™ is the input space;

numbers, respective|y. Given a vectoe R™ we denote e« U is a subset of the set of all functions of time

by z; thei—th element of: and by||z| the infinity norm from intervals of the formla,b[C R to U with
of x; we recall that||z| = max{|x1], |72], ..., |Tn|}, a < 0 andb > 0 satisfying the following Lipschitz
where|z;| denotes the absolute value ©f. A function assumption: there exists a positive const&hsuch
f:la,b] = R"™ is said to be absolutely continuous  that|v(t) —v(#')|| < M|t —¢| for all v € U and
on [a,b] if for any ¢ € Rt there existsd € R for all ¢,t’ €la, b.

so that for everyk € N and for every sequence of o f:R"xU — R" is a continuous map satisfying
points a < a; < by <ag <by < ...<a<by<b, if the following Lipschitz assumption: for every com-
Yo (bi—a;) <é then Y0 [f(bi) — fla)] <e. A pact set/ C R", there exists a constadt > 0
function f :]a, b[— R” is said to be locally absolutely such that|[f(z,u) — f(y,u)|| < L|jz —y|| for all
continuous if the restriction of to any compact subset z,y € K and allu € U.

of Ja,b[ is absolutely continuous. Given a measurabl
function f : Rj — R”, the (essential) supremum gfis
Jdce_noted by|_|f||||oobwhecrje(|j\f_|ﬂ\}o|‘:: sup{HfE:t)H,t > 0};

is essentially bounded if f||.c < oc. For a given :
time 7 € RT, define f. so thatf.(t) = f(t), for any §(t) = FE[®),v(1)), (I1.1)
t € [0,7), andf(¢) = 0 elsewherej is said to be locally for almost all ¢ € ]a,b. Although we have defined
essentially bounded if for any € R*, f- is essentially {rajectories over open domains, we shall refer to trajec-
bounded. The closed ball centeredrat R™ with radius tgrjes ¢:[0,7] — R" defined on closed domairs, 7],
¢ is defined by B.(x) ={y € R"[|lz -yl <e}. + ¢ R+ with the understanding of the existence of a
For any ACR" and p€RT Sel  trajectory ¢’ :]a, b|— R™ such thaté = &'ljo,-- We also
[Aly =f{ae Al ai = kip, ki € Z,i=1,...,n}. The set \yite ¢, (7) to denote the point reached at timeunder
[A] will be used as an approximation of the set A withihe inputy from initial conditionz; this point is uniquely
precisionu. Geometrically, for any. € R andA > /2 determined, since the assumptions foensure existence
the collection of sets{Bx(q)}qer), is @ covering of ang uniqueness of trajectories [Son98]. A control system
R™, ie. R" C J,cpny, Ba(g). Moreover, for any y js said to be forward complete if every trajectory is
A< /2, R" € ern), Ba(q). A continuous function defined on an interval of the forfia, oof. Sufficient and
v:R{ — Ry, is said to belong to class if it is strictly  necessary conditions for a system to be forward complete
increasing andy(0) = 0; v is said to belong to class can be found in [AS99].
K if v € K andv(r) — oo asr — oo. A continuous
function 8 : Rf x Ry — R is said to belong to class
KL if, for each fixeds, the maps(r, s) belongs to class
Ko with respect tor and, for each fixed, the map Lemma 2.2:Let ¥ = (R",U,U, f) be a control sys-
B(r, s) is decreasing with respect toand3(r,s) — 0as tem and consider a parametgr € RT. For any

@ locally absolutely continuous curve:|a, b— R™ is
said to be atrajectory of ¥ if there existsv € U
satisfying:

The following technical lemma will be used later in the
definition of symbolic model.



input { > v : [0,7] — U there exists a constant input following condition is satisfied:

const & 10, 7] — [U], h that: , ,
Veonst : [0,7] = [l sueh tha 10 () — & O] < Bl — 21| )+l — V' ).

M (11.5)
HU_UconstHoo S u (”2) ) )
2 Incremental forward completeness requires the distance

Proof: We first approximate the input by the between two arbitrary trajectories to be bounded by
constant inputo : [0,7] — U where o(t) = “23%7 the sum of two terms capturing the mismatch between
for all ¢t € [0,7]. We then approximate the con-the initial conditions and the mismatch between the
stant inputd by a constant iNnputcens: @ [0,7] — [U],  inputs as shown in (11.5). From (11.4) and (I.5), we
S0 that ||0 — Veonst|| < /2. Note that veonst €X-  can immediately see thatlSS impliess-FC. However,
ists  since Uy, Bu/2(q) is a covering of U. the converse is not true, in general, since the function
Since © and wv.onst are constant functions, then g in (11.5) is not required to be a decreasing function
[0 = Veonstlloo = [|0 — Veonst||- Using the Lipschitz as- of ¢+ and the functiony in (11.5) is allowed to depend
sumption forv, the resulting approximation error is givenon ¢ while this is not the case in (Il.4). Whenever

by: the origin is an equilibrium point forx, the choice
2/ =0,v =0, and§,, = 0 results in the estimate

||U_Uconst||oo = ||U_'O+@_Uconst||oo (”3) Hgmv(t)” Sﬁ(”x”,t)—F’y(HU”oo,t) which is shown in

< o = 0lloo + |10 — Veonst || o [AS99] to be equivalent to forward completenessibf

Hence, the systems satisfying (I1.5) are termed incremen-
tally forward complete. By straightforward generalizatio

[[v = Dlloo + [0 = Veonstl|

< Mr/2+p/2. of the results in [AS99], it is possible to drive Lyapunov
- characterizations of — F'C' control systems.
For later use we also define the functign: U — [U],, I1l. SYmMBOLIC MODELS AND
associating to any € U the corresponding inputco,st APPROXIMATE EQUIVALENCE NOTIONS
as defined in the proof of Lemma 2.2.
A. Systems and control systems
C. Incremental forward completeness We will use systems to describe both control systems as

well as their symbolic models. A more detailed exposi-
The results presented in this paper will assume certation of the notion of system that we now introduce can
incremental forward completeness assumptions that v found in [Tab09].
mtr_oduce in th|§ section. We start_ by recalling the notlorbefinition 3.1: [Tab09] A systems is quintuple:
of incremental input-to-state stability.

Definition 2.3: [Ang02] A control systent is incremen- §=(XU,—,Y, H),

tally input-to-state stablej{ISS) if it is forward complete consisting of:
and there exist &£ function 5 and ak., function~

such that for anyt € R7, anyz,2’ € R", and anyw, « A set of statesX;
v’ € U the following condition is satisfied: « A set of inputsU;

o A transition relation—C X x U x X
€20 (t) — &aror ()| < B(llz —2"[|,8) + ([l — V'] ) « An output sety’;

(11.4) o An output functionH : X — Y.

We now describe a weaker concept that is satisfied evénsystem(X,U, —,Y, H) is said to be:

in the absence of stability. o metrig if the output set” is equipped with a metric

Definition 2.4: A control systemX is incrementally for- d:Y xY —R{;

ward complete {-FC) if there exist continuos functions « countableif X is a countable set;

B:Rt xRT — R andy : RT x Rt — R* such that « finite, if X is a finite set.

for each fixeds, the mapss(r1, s) and~(r2, s) belong N . "

to classK., with respect tor; andr,, respectively, and A transition (z, u, ') €e— is denoted byr — 2.
for anyt € R, anyx, 2’ € R* and anyv,v’ € U the Note that, for such a transition — 2/, state



z’ is called au-successor, or simply successor. Sinc&ystemS, is s-approximately simulated by, or S,

—C X x U x X is a relation, for any state and anye-approximately simulates,, denoted byS, <% S, if
input w € U there may be: nou-successors, one there exists am-approximate simulation relation froi,
u-successor, or many-successors. We denote the seto Sj,.

of u-successors of a state by Post,, (z) and byU(z)

the set of inputs € U for which Post,, (x) is nonempty.
A system is deterministic if given any statec X and
any inputu, there exists at most onesuccessor (there Definition 3.3: Let S, andS;, be metric systems with the
may be none). A system is called nondeterministic if it isame output set¥, = Y; and metricd, and consider a
not deterministic. Hence, for a nondeterministic systerprecisions € R*. A relation R C X, x X, is said to be

it is possible for a state to have two (or possibly morefn s-approximate bisimulation relation betweéf) and

Symmetrizing the notion of simulation we arrive at
bisimulation, which we report hereafter.

distinct u-successors. Sy, if the following two conditions are satisfied:

Systems can be used to describe control systems. Givefl) R is anc-approximate simulation relation frorsi,

¥ = (R™, U, U, f), the system associated withandr € to Sy:

R* is defined by: (i) R~! is anc-approximate simulation relation from
Sy to S,.

ST(E) = (XT,UTv e 7Y7'7H7')7

" SystemsS, is e-approximate bisimilar te5;, denoted by

where: Sa =5 Sy, if there exists are-approximate bisimulation
relation R betweenS, and.S;.

¢« X, =R"

e U, = {v, € U] the domain ofv, is [0,7]}; For nondeterministic systems we need to consider rela-

tionships that explicitly capture the adversarial nature o

Ur /

* 7 . v, i therg exists a tr?jectory nondeterminism. We report from [PT09] the following
€:[0,7] — R" of ¥ satisfyingg,, ., (1) = 27; notion of alternating approximate simulation.

o YT =R", . . .

o H. =1lgn. Definition 3.4: Let S, and S, be metric systems with

the same output set¥, = Y, and metricd, and let
The above system can be thought of as the time dis-€ R™. A relation R C X, x X} is ane-approximate
cretization of the control systeim. alternating simulation relation front, to S, if the
following conditions are satisfied:

B. System relations (i) for every z, € X,, there existsy, € X, with
(Ta,xp) € R;

We first consider simulation and bisimulation relations(ii) for every (z4,) € R we have

that are useful when analyzing or synthesizing controllers  d(H,(z,), Hy(zp)) < ¢;

for deterministic systems. (i) for every (z,,x3) € R and for everyu, € U,(z,)

Definition 3.2: Let S, = (Xa, Us, — Yo, H,) and there existsu, € Uy(xp) such that for everyr;, €

: . Post,, (z1) there existsz), € Post,, (x,) satisfy-
Sy = (X, Uy, — ,Yy,, Hy,) be me_tnc systems WIth the ing (z},,) € R.
same output set¥, = Y; and metricd, and consider a _ ) ) )

precisions € R*. A relation R C X, x X, is said to be Systems, is alternatinglys-approximately simulated by
an s-approximate simulation relation frorfi, to S,, if S» OF Sy alternatingly e-approximately simulates,,

the following three conditions are satisfied: denoted bysS, <55 S, if there exists an alternating
c-approximate simulation relation fron§, to S;. Al-

(i) for every z, € X,, there existsz;, € X, with though alternating simulation is substantially different
(Ta,xp) € R; from simulation, these two notions coincide in the special
(i) for every (zq,xp) € R we have case of deterministic systems.
d(Hq(za), Hy(2)) < €
(iii) for every (z,,z,) € R we have that :
Uq I . . .
Lo ——> T IN S, implies the existence of

T % z} in Sy satisfying(z/,, ) € R.



IV. EXISTENCE OFSYMBOLIC MODELS
FOR 0-FC CONTROL SYSTEMS

Hence, (z,, z;,.:) € R and condition (i) in Definition
3.2 is satisfied. Now consider afy, zy,-) € R. Con-
dition (ii) in Definition 3.2 is satisfied by definition of

We now have all the ingredients to define a symboligz. | et us now show that condition (iii) in Definition 3.2
model that will be used to approximate a control systenholds.

Given aj-FC control systen = (R™, U, U, f), a desired
precisione, any time quantizationr € R*, state space
quantizationn € R*, and input space quantizatigne
Rt we define the system:

ST’IHI,E(E) = (X'rnuaa U‘rn;usa Yrmtaa Hrmta)a

(IV.1)

)
TNHE

by:

o Xopue = [R"]y3
o Urpue = ¥(Ur);

Urnpe /

e Lrnue if any of the following two

conditions is satisfied:

® Trnue

&) €erpperwryee (T) — 27pcll < n/2 and
Ble,m) +y(HHT, ) < e/2;
b) ||§IT’I]}J.EUT7]}J.E(T) - ITn;,LEH S 6(657) +
V(AT 7y and Be, ) + (AT 1) > /2
b Yrmta =R";

4 Tope = ¥t erta — Yrmta-

The function¥ in the above definition was defined atx;,.

the transition
Choose an input

Consider

Ur

any v, €U, and
Tr — =& 0, (1) In S(X).
Urnue € Urype Satisfying:
- u'rrma”oo < (/L + MT)/2 (|V3)

Note that existence of such.,,. is a consequence of
Lemma 2.2. It follows from the)-FC assumption that
the distance betweer and¢, ., .u,,,..(7) is bounded

as:

27 = &ormpctirpee (D < Ble, ) +v((1+ M7)/2, 7).
(IV.4)

v

We now have two cases.

Case a 3(e,7) +v((p + M7)/2,7) < g/2.
Smce X €U, emn), Bn2(@rmue), there  exists
€ X;yue such that:

T’IHLE

ngﬂ"l}p.EuT’qy.E (T) - 'rg"r]p,a” S 77/2 (IV5)
From (IV.5) and the definition of transition
relation, we conclude the existence of

Urnpe
'rT’IHI,E

in Sryue(X). Using the inequalities

the end of Subsection II-B. Note that for a given contro}, < ¢, (|V4) and (IV.5), we obtain the following chain
systemX. eithera) or b) are satisfied. Hence, the choiceof mequahtles.

betweena) and b) is made only once and before the

construction of any transition. We stress that while syste

S-(X) is not countable, syster§,,,.(X) is so and it

becomes finite, when the state space of the control systemx ||z — ¢, (7)|| + [|€s,rcuirye (T) —

¥ is bounded.

We can now state the main result, relatifigrC to the
existence of symbolic models.

Theorem 4.1:Let X be aj-FC control system. For any
desired precisios € R™, and for anyr € R™, u € RT,
andyn € RT satisfyingn < ¢, we have:

Srane(5) X4 S () 25 Sroe (D).

Proof:
Consider

We start by provingS; (X) <% Srpu=(X).
the relation RC X; x Xrppue

defined by (z;,2:y..) € R if and only if

[Hz(27) = Henpe(@rnue)|| = [|2r — @rgpell < e

For everyz, € X, and sinceX: C U cn), By/2(a),

there existsr,,,. € X;,,. such that:

7 = Trnuell <n/2<e. (IV.2)

o~

‘rn,ue

gﬂcmusuﬁms( ) + gzrwamwg (7') —a

TNHE H
/
Irnua ||

= [l

< Be7) +9((k+M7)/2,7)+n/2<e.

Hence (2,27, .

3.2 holds.

Case b B(e,7) +v((n+ MT)/2,7) > £/2.

Combining [(e,7) +v((n+ M7)/2,7) > ¢/2 with
n<e, we obtainn/2 < B(e,7) +y((u+ M7)/2,7).
From this inequality and (IV.4), it can
be easily proved the existence of a point

Tn,us € Bﬁ(a T)+y((p+MT)/2,7) (gmfn“suq—nus (T)) N XTmlﬁ
such that|[z, . — 27[| <n <e. Hence, by definition
NHE /

. wn
of the transition relation, we have,,,. o Trnue:

Therefore,  (a7,,.,7;) € R.  Hence,  condition
(i) in Definition 3.2 is satisfied from which
S (X) =5 Sryue(X) is proved.

) € R and condition (i) in Definition

Now
Consider

we
the

prove
relation



defined by (z;,z;que) € R if and only if f(e,7)+~(r/2)+n/2 <e. Hence, as proved in Theo-

|Hr(2r) = Heppe (Trppe)|| = |27 — Trpue|| < e rem 5.1 in [PGT08], we will haves; (X) =5 Srp.-(X).
For everyaz . € X;p,., by choosingz,; = z,,. we

have (z. 2-,,.) € R and condition (i) in Definition V. SymBoLIC CONTROL DESIGN

3.4 is satisfied. Now consider anfx,,z,,.:) € R. FOR AN INVERTED PENDULUM

Condition (ii) in Definition 3.4 is satisfied by definition

of R. Let us now show that condition (iii) in Definition We illustrate the results in this paper on the well known
3.4 holds. Consider anyu,,,. € Ury... Choose inverted pendulum. In order to make use of the software
the input v; = uryue and consider the transition tool Pessoa for the computation of symbolic models
oy e 2l =€, , (r)in S,(X). From the §-FC @and synthesis of controllers, we use the following linear

assumptlon the distance betwegnand(,. . .., ,.(7T) model for the pendulum:

is bounded as: . L=t . L (V.1)
, Tg = da1 — Lo + =
127 = Carpuerimne (T < B(E,T) (1V.6) l m m
We now have two cases. In the above modely; is the angular positionys is the

velocity of the point mass; is the applied force (control
input), ¢ = 9.8 is gravity’s acceleration] = 0.5 is the
length of the rod;m = 0.5 is the mass, and = 2 is
the coefficient of rotational friction. All constants and
(€0 rmpetirmpe (T) = T el < /2. (IV.7)  variables are expressed in the International System. The
eigenvalues of the system atg = 1.1433 and \, =
b ' —17.1433 showing that it is unstable. We assume that
we conclude the existence of;,. #;Z; Topue 1N U =[—4, 4] and that control input is piecewise-constant.
Srpue(X). Using the inequalities) < ¢, (1V.6), and We work on the subset’ = [—1, 1]x[—1, 1] of the state
(IV.7), we obtain the following chain of inequalities:  space of:. In order to construct a symbolic abstraction
for the preceding model, we need to find functiofs

Case a (e, 7) +v((u+ M7)/2,7) < /2.
Smce X: €U, ..emn), Br2(@rmue), there  exists
2. € Post, (:cﬂmg) such that:

From (IV.7) and the definition of transition relation

||I/ —I/

T, el , and v describing the incremental forward completeness

= (127 = Cormpctirnue (T) + &arppctirnue (T) = e property in (11.5). For a linear control system:

<z — — )

— H‘TT gmmus“*ws (T)” + Hgmﬂmsuﬂme (T) ‘T‘”WEH f = Af + Bu, f(t) S an U(t) eU - Rma

<Ble;m) +n/2 <e.

. e . the functionsg and~ can be chosen as:

Hence(a’,z7,,.) € R and condition (jii) in Definition
3.4 holds.

80) = 1™l 2(r,0) = (181 [ ™)

Case b f(e,7) +v((n+ MT)/2,7) > ¢/2. (V.2)
Combining  f(e, ) + (1 + M7)/2,7) > ¢/2  with  where ||eA*|| denotes the infinity norm of the matrix
n < & we obtainy/2 < (e, 7) +7((n + M7)/2,7). At For the inverted pendulum described above, the
From this inequality —and (IV.4), it can fynctions3 andy are given by3(r, t) = 3.6482¢1-1433¢y

be easily proved the existence of a poinfang ~(r ¢) = 12.7638(e-1433 — 1)r. Suppose that our
e € Be, T)JF’Y((HJF/MT)/QvT)(gmﬂmsuwms (7)) N Xepue  objective is to design a controller forcing the trajec-

such that||27, . — 27| <n <e. Hence, by definition tories to reach and stay indefinitely in the target set:
of the transmo/n relation, e € POStu_ (Trypue). W =[-0.06, 0.06] x [~0.3, 0.3]. For a precisiore =
Therefore,  (a7,,.,27) € R. Hence,  condition o5, we choose; = 0.03, 7 = 0.5, and ;1 = 0.4 SO

(i) in Definiton 3.4 is satisfied from which a5 o satisfy the assumptions of Theorem 4.1 and there
Sraue(X) 2s S-(X) is proved. B exists a controller enforcing the states to reach and stay
Remark 4.2:If we assumes-ISS and piecewise- -constantindefinitely in that target set. A control strategy for the
inputs, the conclusion of Theorem 4.1 can be strengttipentioned target set can be obtained by using standard
ened to s-approximate bisimulation. For sufficiently Methods in the context of algorithmic approaches to game
large values of7, the ¢-ISS assumption guaranties lpessoa is a software tool for the synthesis of correct-lsigde

Ble,7) <e/2; then by_ c_:hoos!ng a sufficiently Sma” embedded control systems, developed at UCLAs CyPhylLabsdze
value of p and combining withn < ¢, we obtain is scheduled to be publicly released on November 2009.
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Fig. 1. Upper and medium panels: trajectory @f,x2), with
initial condition (—0.5196, 0.3). The dashed lines define the target
set bounds. Lower panel: input signal.
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Fig. 3. Solution of the safety game for the symbolic model t&mdet
set[—0.06, 0.06] x [—0.3, 0.3]. The states idV whereu = —0.4,
u = 0, andu = 0.4 force the system to stay i are shown in figures
(a), (b), and (c) respectively.

stay inW.

VI. DISCUSSION

| In this paper we showed thatFC control systems admit
symbolic model. The results of this paper generalize
1 the work in [Tab08], [PGTO08], [PT09], [Gir07] by not
requiring stability assumptions. After constructing the
symbolic models for thé-FC control systems, one can

1 take the advantages of controller design for the abstrac-
tion models. However, there is a drawback in the result
in Theorem 4.1 since it is only sufficient. If it is failed
to find a controller forcing the desired specification on
symbolic model, we cannot conclude anything regarding

the existence of a controller for the original model.

Fig. 2.  Trajectories of the closed-loop system for differamitial
conditions on a circle with the center at the origin and radi6.

[AD90]

theory [Tab09]. We use reachability game and safety
game, both implemented in Pessoa, to reach and stay

indefinitely in the target set, respectively. In Figure 1, wgAng02]

show the closed-loop trajectory stemming from the initial

condition (—0.5196, 0.3) and the evolution of the input [sgqq;

signal. Figure 2 shows trajectories of the system initiated
with different initial conditions on the circle centered at
the origin and radiu$.6. The dashed rectangle in Figure
2 is the target set. As can be seen, all the trajectories

[BMO5]

converge to the target set in finite time. Figure 3 illussatelGiro7]

the states of the target set for which control inputs
v = —04, w = 0, andu = 0.4 force the system to
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